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Abstract 

We study the problem of computing maximin share guarantees, a recently introduced fair¬ 
ness notion. Given a set of n agents and a set of goods, the maximin share of a single agent is the 
best that she can guarantee to herself, if she would be allowed to partition the goods in any way 
she prefers, into n bundles, and then receive her least desirable bundle. The objective then in 
our problem is to find a partition, so that each agent is guaranteed her maximin share. In settings 
with indivisible goods, such allocations are not guaranteed to exist, hence, we resort to approxi¬ 
mation algorithms. Our main result is a 2/3-approximation, that runs in polynomial time for any 
number of agents. This improves upon the algorithm of Procaccia and Wang lfl4l . which also 
produces a 2/3-approximation but runs in polynomial time only for a constant number of agents. 
To achieve this, we redesign certain parts of the algorithm in lH4l . exploiting the construction of 
certain, appropriately selected matchings in a bipartite graph representation of the problem. Fur¬ 
thermore, motivated by the apparent difficulty, both theoretically and experimentally, in finding 
lower bounds on the existence of approximate solutions, we undertake a probabilistic analysis. 
We prove that in randomly generated instances there exists a maximin share allocation with high 
probability. This can be seen as a justification of the experimental evidence reported in It5l fl4l . 
that maximin share allocations exist almost always. 

Finally, we provide further positive results for two special cases that arise from previous 
works. The first one is the intriguing case of 3 agents, for which it is already known that exact 
maximin share allocations do not always exist (contrary to the case of 2 agents). We provide a 
7/8-approximation algorithm, improving the previously known result of 3/4 llT4ll . The second 
case is when all item values belong to {0,1,2}, extending the {0,1} setting studied in |[5]]. We 
obtain an exact algorithm for any number of agents in this case. 


1 Introduction 

We study a fair division problem in the context of allocating indivisible goods. Fair division has 
attracted the attention of various scientific disciplines, including among others, mathematics, eco¬ 
nomics, and political science. Ever since the first attempt for a formal treatment by Steinhaus, 
Banach, and Knaster [H71l . many interesting and challenging questions have emerged. Over the 
past decades, a vast literature has developed, e.g., see 01 IT5J. and several notions of fairness have 
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been suggested. The area gradually gained popularity in computer science as well, as most of the 
questions are inherently algorithmic, see among others [[9] [T9] for earlier works, and the upcoming 
survey lH3l on more recent results. 

The objective in fair division problems is to allocate a set of resources to a set of n agents in a 
way that leaves every agent satisfied. In the continuous case, the available resources are typically 
represented by the interval [0, 1], whereas in the discrete case, we have a set of distinct, indivisible 
goods. The preferences of each agent are represented by a valuation function, which is usually an 
additive function on the set of goods (a probability distribution in the continuous case). Given such 
a setup, many solution concepts have been proposed as to what constitutes a fair solution. Some of 
the standard ones include proportionality, envy-freeness, equitability and several variants of them. 

All the above solutions can be attained in the case of divisible goods. In the presence of indi¬ 
visible goods however, we cannot have any such guarantees; in fact in most cases we cannot even 
guarantee reasonable approximations. Instead, we focus on a concept recently introduced by Bud- 
ish [[8|], that can be seen as a relaxation of proportionality. The rationale is as follows: suppose 
that an agent, say agent i, is asked to partition the goods into n bundles and then the rest of the 
agents make a choice before i. In the worst case, agent i will be left with her least valuable bundle. 
Hence, a risk-averse agent would choose a partition that maximizes the minimum value of a bundle 
in the partition. This value is called the maximin share of agent i. The objective then is to find an 
allocation where every person receives at least her maximin share. Even for this notion, existence 
is not guaranteed under indivisible goods (see [14, 10]). But, it is possible to have constant factor 
approximations, as has been recently shown in lU4l . 

Contribution: Our main result, in Section[4j is a (2/3-e)-approximation algorithm, for any constant 
£ > 0, that runs in polynomial time for any number of agents. That is, the algorithm produces an 
allocation where every agent receives a bundle worth at least 2 13 - e of her maximin share. Our result 
improves upon the 2/3-approximation of Procaccia and Wang [fl4l . which runs in polynomial time 
only for a constant number of agents. To achieve this, we redesign certain parts of the algorithm 
in m, arguing about the existence of appropriate, carefully constructed matchings in a bipartite 
graph representation of the problem. Before that, in Section [3] we provide a simpler, faster 1/2- 
approximation algorithm. Despite the worse factor, this algorithm still has its own merit due to its 
simplicity. Moreover, motivated by the apparent difficulty in finding impossibility results on the 
approximability of the problem, we undertake a probabilistic analysis in Section [5} Our analysis 
shows that in randomly generated instances, maximin share allocations exist with high probability. 
This may be seen as a justification of the experimental evidence reported in [J5] [141, which show that 
maximin share allocations exist in most cases even for a small number of agents.. 

Finally, in the Appendix, we study two special cases, motivated by previous works. The first 
one is the case of n = 3 agents. This is an interesting turning point on the approximability of the 
problem; for n = 2, there always exist maximin share allocations, but adding a third agent makes 
the problem significantly more complex, and the best known ratio was 3/4 by lfT4ll . We provide an 
algorithm with an approximation guarantee of 7/8, by examining more deeply the set of allowed 
matchings that we can use to satisfy the agents. The second case is the setting where all item values 
belong to {0,1,2}. This is an extension of the {0,1} setting studied in [0 and we show that there 
always exists a maximin share allocation, for any number of agents. 

Related Work: For an overview of the classic fairness notions and related results, we refer the 
reader to the books of Q and [|T5ll . The notion we study here was introduced by Budish in [[8l for 
ordinal utilities (where agents have rankings over alternatives), building on concepts by Moulin [fT2l . 
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The work of [0 defined the notion for cardinal utilities, in the form that we study it here, and 
also provided many important insights as well as experimental evidence. Further, in [|T4l . a 2/3 
approximation is provided along with constructions showing instances where no maximin share 
allocation exists even for n = 3. The negative results of [ll4| . and more recently of [ITOll . as well 
as the extensive experimentation by Bouveret and Lemaitre 0, reveal that it has been challenging 
to produce lower bounds, i.e., instances where no a-approximation of a maximin share allocation 
exists, even for a very close to 1. Finally, in IfTOll . a probabilistic analysis, similar in spirit but more 
general than ours, is provided, covering a wide range of distributions on the valuation functions. In 
our analysis all values are uniformly drawn from [0,1]; in IfTOll . Kurokawa, Procaccia, and Wang 
show a similar result for a large family of distributions over [0,1], However, their analysis, general 
as it may be, needs very large values of n to guarantee relatively high probability, hence it does not 
fully justify the experimental results discussed above. 

A seemingly related problem is that of max-min fairness (or Santa Claus), see e.g., [OB !2i £3 ■ In 
this problem we want to find an allocation where the value of the least happy person is maximized. 
With identical agents, the two problems coincide, but beyond this special case they exhibit very 
different behavior. 


2 Definitions and Notation 

Let N = [1,..., n} be a set of n agents and M = {1,..., m) be a set of indivisible goods. For any keN, 
we will also be using [k] to denote the set [1,..., k}. We assume each agent has an additive valuation 
function !/,-(•), so that for every SeM, i/;(S) = T.jes v i(U })• For j £ M, we will use Uij for z/,-({j}). 

Given any subset SeM, an allocation of S to the n agents is a partition T = (7),..., T n ), where 
Ti n Tj = 0 and U T, = S. Let n„(S) be the set of all partitions of a set S into n bundles. 

The notions below were originally defined in 0 and more recently in 0 in the same setting that 
we study here. 

Definition 2.1. Given a set of n agents, and any set S c M, the n-maximin share of an agent i with 

respect to S, is: uAn,S) = max min vATi) . 

ren„(S) TjeT 1 

When S = M, we refer to pfn,M] as the maximin share of agent i. The solution concept we 
study asks for a partition that gives each agent her maximin share. 

Definition 2.2. Given a set of agents N, and a set of goods M, a partition T = (Ti,..., T n ) £ U n {M) 
is called a maximin share allocation if Vi{T{) > p i [n,M),for every agent i e N. 

As shown in lfl4ll . maximin share allocations do not always exist. Hence, our focus is on approx¬ 
imation algorithms, i.e., on algorithms that produce a partition where each agent i receives a bundle 
worth (according to Vi ) at least p • pfn, M), for some p < 1. 

3 Warmup: A Polynomial Time 1/2-approximation 

We find it instructive to provide first a simpler and faster algorithm that achieves a worse approxi¬ 
mation of 1/2. In the course of obtaining this algorithm, we also identify some important properties 
and insights that we will use in the next sections. 

We start with an upper bound on our solution for each agent. The maximin share guarantee is a 
relaxation of proportionality, so we trivially have: 
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Claim 3.1. For every i e N and every S^M, pfn, S) < 


ViiS) 

n 


v ij 

n 


Proof. This follows by the definition of a maximin share. If there exists a partition where the 
minimum value for agent i would exceed the above bound, then the total sum for i would be more 
than 'LjesVij- □ 


We now show how to get an additive approximation. Algorithm 1 below achieves an additive 
approximation of v max , where v max = maix/j Vij. This simple algorithm, which we will refer to as 
the Greedy Round-Robin Algorithm, has also been discussed in 0, where it was shown that when 
all item values are in {0,1}, it produces an exact maximin share allocation. Some variations of this 
algorithm have also been used in other allocation problems, see e.g., O, or the protocol in [(4]. We 
discuss further the properties of Greedy Round-Robin in Section [5] The set Vjv in the statement of 
the algorithm is the set of valuation functions Vpj - {Vi : i e N}, which can be encoded as a valuation 
matrix since the functions are additive. 


Algorithm 1: Greedy Round-Robin (A, M, V/v) 


1 Set Si = 0 for each i e N. 

2 Fix an ordering of the agents arbitrarily. 

3 while 3 unallocated items do 

Si = Si u {j}, where i is the next agent to be examined in the current round (proceeding in 
a round-robin fashion) and j is z’s most desired item among the currently unallocated 
items. 


5 return (Si,...,S„) 


Theorem 3.2. If {Si,...,S n ) is the output of Algorithm^ then for every i e N, 


vdSi) 


X jeM v i j 
n 


Vtnax — PiiVl,M) V max . 


Proof Let (S 1( ...,S n ) be the output of Algorithm 1. We first prove the following claim about the 
envy of each agent towards the rest of the agents: 


Claim 3.3. For every i,j e N, ^-(S,) > ViiSj) - v max . 

Proof Fix an agent i, and let j f i. We will upper bound the difference (Sj) - ip {Si) . If j 
comes after i in the order chosen by the algorithm, then the statement of the claim trivially 
holds, since i always picks an item at least as desirable as the one j picks. Suppose that j 
precedes i in the ordering. The algorithm proceeds in £ = \mln] rounds. At each round 
Tc, let r k and r' k be the items allocated to j and i respectively. Then 

ViiSj) - UiiSi) = lv iin - + (zv 2 “ +''' + (v iire - Viy f ). 

Note that there may be no item r\ in the last round if the algorithm runs out of goods but 
this does not affect the analysis (simply set v i r i = 0). 

Since agent i picks her most desirable item when it is her turn to choose, this means 
that for 2 consecutive rounds k and k+ 1 it holds that Vty > Vi,r k+] ■ This directly implies 
that 

ViiSj) — VilSf < l>ij x — Vij' t — Vi,r\ — Vmax- D 
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If we now sum up the statement of Claim 3.3 for each j, we get: nviiSp > Ey vfSj) - nv max , 
which implies 


H / ViiSj) JljeM Vij 

ViiSi) > V ma x = V max ?' /lfin,AI) — V max , 

n n 

where the last inequality holds by Claim [3d] □ 

The next important ingredient is the following monotonicity property, which says that we can 
allocate a single good to an agent without decreasing the maximin share of other agents. 

Lemma 3.4 (Monotonicity property). For any agent i and any good j, it holds that 

H i {n-l,M\{j}) > Fiin,M). 

Proof. Let us look at agent i, and consider a partition of M that attains her maximin share. Let 
(Si,...,S„) be this partition. Without loss of generality, suppose j e S\. Consider the remaining 
partition (S 2 ,..., S n ) enhanced in an arbitrary way by the leftovers of Si. This is a (n - l)-partition of 
M\{j } where the value of agent i for any bundle is at least nfn, M). Thus, we have nfn-1, M\{j}) > 
Hiin,M). □ 

We are now ready for the 1/2-approximation, obtained by Algorithm [2| which uses Greedy 
Round-Robin, but only after we allocate the most valuable goods. 

Algorithm 2: APX-MMSi /2 iN,M, V N ) 

1 Set S = M 

2 for i = 1 to |iV| do 

3 _ Let a t = 

4 while 3i,j s.t. V{j > a ; /2 do 

5 Allocate j to i. 

6 S = S\{j} 

7 N = N\{i} 

s Recompute the a,-s. 

9 Run Greedy Round-Robin on the remaining instance. 


Theorem 3.5. Let N be a set of n agents with additive valuations, and let M be a set of goods. 
AIgoriihm ^produces an allocation (Si,..., S n ) such that 

vfSi) > ^Hiin,M), \/i £ N. 


Proof. We will distinguish 2 cases. Consider an agent i who was allocated a single item during the 
first phase of the algorithm (lines [4] - [8]). Suppose that at the time when i was allocated her item, 
there were n\ active agents, n\ < n. and that S was the set of currently unallocated items. By the 
design of the algorithm, this means that the value of what i received is at least 


Eyes Vij 
2n\ 


1 


5 














where the inequality is by Claim 3.1 But now if we apply the monotonicity property (Lemma [374] ) 
repeatedly, we get that nfni,S) > hence we are done. 

Consider now an agent i, who gets allocated a bundle of goods according to Greedy Round- 
Robin, in the second phase of the algorithm. Let n 2 be the number of active agents at that point, 
and S be the set of goods that are unallocated before Greedy Round-Robin is executed. We know 
that v max at that point is less than half the current value of a, for agent i. Hence by the additive 
guarantee of Greedy Round-Robin, we have that the bundle received by agent i has value at least 


L;eS v ij 


'LjeS v ij 


ai 


LjeS V 


i] 


n 2 


n 2 


2 n 2 


-ufn 2 ,S). 


Again, after applying the monotonicity property, we get that ju, (n 2 ,S) > pfn, M), which completes 
the proof. □ 


4 A Polynomial Time (| - c)-approximation 

The main result of this section is Theorem |4.1[ establishing a polynomial time algorithm for achiev¬ 
ing a 2/3-approximation to the maximin share of each agent. 


Theorem 4.1. Let N be a set of n agents with additive valuation functions, and let M be a set of 
goods. For any constant £ > 0, there exists a polynomial time algorithm, producing an allocation 
(Si,...,S„), such that 


vdSi ) 


^ -ej nfriyM), VicN. 


Our result is based on the algorithm by Procaccia and Wang in llT4il - which also guarantees to 
each agent a 2/3-approximation; however, it runs in polynomial time only for a constant number 
of agents. Here, we identify the source of exponentiality and take a different approach regarding 
certain parts of their algorithm. For the sake of completeness, we first present the necessary related 
results of [fl4|. before we discuss the steps that are needed to obtain our result. 

First of all, note that for a single agent i, the problem of deciding whether j> k for a 
given k is NP-complete. However, a PTAS follows by iflSl . In the original paper, which is in the 
context of job scheduling, Woeginger gave a PTAS for maximizing the minimum completion time 
on identical machines. But this scheduling problem is identical to computing a maximin partition 
with respect to a given agent i. Indeed, from agent Fs perspective, it is enough to think of the 
machines as identical agents (the only input that we need for computing pfn, M) is the valuation 
function of i). Hence: 


Theorem 4.2 (follows by [|T8l l. Suppose we have a set M of goods to be divided among n agents. 
Then, for each agent i, there exists a PTAS for approximating pfn, M). 

A central quantity in the algorithm of IIT41 is the n-density balance parameter, denoted by p n 
and defined below. Before stating the definition, we give the high level idea for clarity. Assume that 
in the course of an algorithm, we have used a subset of the items to “satisfy” some of the agents, 
and that those items do not have “too much” value for the rest of the agents. Then we should expect 
to be able to “satisfy” the remaining agents using the remaining unallocated items. Essentially, the 
parameter p n is the best guarantee one can hope to achieve for the remaining agents, based only on 
the fact that the complement of the set left to be shared is relatively small. Formally: 
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Definition 4.3 (HU). For any number n of agents, let 


p n = max< A 


VM, V additive v t e (DTr , MS c M, V k, £ s.t. k + £ = n, 
Ui{M\S ) < £Xfij{n,M) => /r ; -(A:,S) > Aj u i {n,M) 


After a quite technical analysis, Procaccia and Wang calculate the exact value of p n in the fol¬ 
lowing lemma. 

Lemma 4.4 (Density Balance Lemma, Lemma 3.2 of [1141 ). For any n> 2, 

2 L ri\ odd ^ 2 
Pn — TT ; 7 > 7 > 

3 [n\odd 1 3 

where \n\ oc id denotes the largest odd integer less than or equal to n. 

We are now ready to state the algorithm, referred to as APX-MMS (Algorithm [3] below). We 
elaborate on the crucial differences between Algorithm [3] and the result of [fl4l after the algo¬ 
rithm description (namely after Lemma [43] ) . At first, the algorithm computes each agent’s (1 - e')- 

approximate maximin value using Woeginger’s PTAS, where e' = Let £ = (A.. £ n ) be the 

vector of these values. Hence, Mi, fifn, M) > > (l-e')jU;(n,M). Then, APX-MMS makes a call to 

the recursive algorithm REC-MMS to compute a (| - e) -approximate partition, rec-mms takes the 
arguments e',n = \N\, S (the set of items that have not been allocated yet), K (the set of agents that 
have not received a share of items yet), and the valuation functions V K = {vi\i e K}. The guarantee 
provided by REC-MMS is that as long as the already allocated goods are not worth too much for the 
currently active agents of K, we can satisfy them with the remaining goods. More formally, under 
the assumption that 

MieK, v i {M\S)<{n-\K\)p n fi i {n,M), (1) 

which we will show that it holds before each call, REC-MMS (e r , n,%,S,K, Vk) computes a |IC|- 
partition of S, so that each agent receives items of value at least (1 - e')p n £i. 

The initial call of the recursion is, of course, REC-MMS(e', n,%,M,N, Vjv). Before moving on to 
the next recursive call, REC-MMS appropriately allocates some of the items to some of the agents, 
so that they receive value at least (1 -e')p n ^i each. This is achieved by identifying an appropriate 
matching between some currently unsatisfied agents and certain bundles of items, as desribed in 
the algorithm. In particular, the most important step in the algorithm is to first compute the set 
X + (line [6]), which is the set of agents that will not be matched in the current call. The remaining 
active agents, i.e., K\X + , are then guaranteed to get matched in the current round, whereas X + will 
be satisfied in the next recursive calls. In order to ensure this for X + , REC-MMS guarantees that 
inequality <|Tj) holds for X + and for the rest of the items. Note that ([T]) trivially holds for the initial 
call. 


Algorithm 3: apx-mms( e, N, M, V N ) 


2 for i = 1 to |iV| do 

3 Use Woeginger’s PTAS to compute a (1 - e')-approximation £,• of /x f (|iV|, M). Let 

4 return rec-mms(c', \N\,t,M, N, V N ) 


For simplicity, in the description of REC-MMS, we assume that K = {1,2,..., \K\}. Also, for 
the bipartite graph defined below in the algorithm, by T(X + ) we denote the set of neighbors of the 
vertices in X + . 
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Algorithm 4: rec-mms (e * 1 , n, S, K, Vk) 


i if \K\ = 1 then 


Allocate all of S to agent 1. 


3 else 


6 

7 

8 
9 

10 

11 


Use Woeginger’s PTAS to compute a (1 -e ')-approximate |/C|-maximin partition of S with 
respect to agent 1 from K, say (Si,...,S\k\)- 

Create a bipartite graph C, = (XuF,£), where X=Y - K and E = {(/', j) \ i e X,j e Y, 

Vi(Sj) > (1 - e')p n £,i\. 

Find a set X + c X, as described in Lemma ■ 


4.5 


Y\T(X + ), allocate S; to 


Given a perfect matching A, between X\X T ~ and a subset o : 
agent i iff (i,j) e A. (The matching is a byproduct of line [6 ) 

if X + = 0 then 

[ Output the above allocation, 
else 

Output the above allocation, together with REC-MMS^', n,%,S*,X + , V x +), where S* is 
the subset of S not allocated in line [7j 


To proceed with the analysis, and since the choice of X + plays an important role, we should first 
clarify what properties of X + are needed for the algorithm to work. The following lemma is the 
most crucial part in the design of our algorithm. 

Lemma 4.5. Assume that for n, M, S, K, Vk, inequality (|T|) holds, and let G = {X u Y, E) be the 
bipartite graph defined in line [3] of REC-MMS. Then there exists a subset X + of X \ { 1}, such that: 

(i) X + can be found efficiently. 

( ii) There exists a perfect matching between X\X + and a subset of Y\T (X + ). 

(Hi) If we allocate subsets to agents according to such a matching (as described in line [7|j and 
X + f 0, then inequality a holds for n, M, S*, X + , V x +, where S* ^ S is the unallocated set of 
items. 


Before we prove Lemma 4.5[ we elaborate on the main differences between our setup and the 
approach of Procaccia and Wang [fT4l : 


Choice of X + . In Ifl4l . X + is defined as argmax ZeJCN j 1} {|Z| | \Z\ > |T(Z)|}. Clearly, when n is 
constant, so is \K\, and thus the computation of X + is trivial. However, it is not clear how to 
efficiently find such a set in general, when n is not constant. We propose an alternative definition 
of X + , which is efficiently computable and has the desired properties. In short, our X + is any 
appropriately selected counterexample to Hall’s Theorem for the graph G constructed in line [5] 

Choice of e. The algorithm works for any e > 0, but in Ifl4ll the choice of e depends on n, and is 
chosen so that (1 - e)p n > |. This is possible since for any n, p n > |(l + However, in this 

case, the running time of Woeginger’s PTAS (line [4]) is not polynomial in n. Here, we consider any 
fixed e, independent of n, hence the approximation ratio of | - e. 

We present below the definition of X + and prove Lemma [43] 

Proof of Lemma |4.5| : We will show that either X + = 0 (in the case where G has a perfect match¬ 
ing), or some set X + with X + e {Zcl: |Z| > |T(Z)| and 3 matching of size \X\Z\ in G\{Zur(Z)}} 
has the desired properties. We show how to find such a set efficiently. We first find a maximum 
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matching B of G. If \B\ - \K\. then we are done, since for X + = 0, properties (i) and (ii) of Lemma 
|4.5| hold, while we need not check (iii). If |B| < \K\, then there must be a subset of X violating 
the condition of Hall’s Theorem. Let X u ,X m be the partition of X in unmatched and matched ver¬ 
tices respectively, according to B. Similarly, we define Y u , Y m . Now, we construct a directed graph 
G' = (lu Y,E'), where we direct all edges of G from X to Y, and on top of that, we add one copy 
of each edge of the matching with direction from Y to X. In particular, Vz £ X, Vj £ Y, if (z, j) e E 
then (z, j) £ E\ and moreover if (z, j) e B then {j, z) £ E'. We claim that the following set satisfies the 
desired properties 

X + := X u u {v £ X: v is reachable from X u }. 

Note that X + is easy to compute; after finding the maximum matching in G, and constructing G', 
we can run a depth-first search in each connected component of G’, starting from the vertices of X u . 
See also Figure |TJ after the proof of Theorem |4.1| for an illustration. 

Given the definition of X + , we now show property (ii). Back to the original graph G, we first 
claim that |X + | > |T(X + )|. To prove this, note that if j £ T(X + ), then j e Y m . If not, then it is not 
difficult to see that there is an augmenting path from a vertex in X u to j, which contradicts the 
maximality of B. Indeed, since j £ T(X + ), let z be a neighbor of j in X + . If z £ X u , then the edge 
(i,j) would enlarge the matching. Otherwise, z £ X m and since also z £ X + , there is a path in G' 
from some vertex of X u to z. But this path by construction of the directed graph G' must consist of 
an alternation of unmatched and matched edges, hence together with (i,j) we have an augmenting 
path. 

Therefore, T(X + ) c Y m , i.e., for any j £ T(X + ), there is an edge (z, j) in the matching B. But then 
z has to belong to X + by the construction of G' (and since j £ T(X + )). To sum up: for any j £ T(X + ), 
there is exactly one distinct z £ X + n X m , i.e., \X + n X m \ > |T(X + )|. In fact, we have equality here, 
because it is also true that for any z £ X + n X m , there is a distinct vertex j e Y m which is trivially 
reachable from X + . Hence, \X + n X m \ = |T(X + )|. Since X u f 0, we have |X + | = \X U \ + \X + n X m \ > 
1 + |T(X + )|. So, |X + |>|r(X + )|. 

Also, note that X + c X\{1}, because for any Zcl that contains vertex 1 we have |T(Z)| = \K\ > 
\Z\, since Ui(Sj) > (1 -e')jUi(k,S) > (1 - e^pnp^n,]^ > (1 for all 1 < j < \K\. 

We now claim that if we remove X + and Y {X + ) from G, then the restriction of B on the remaining 
graph, still matches all vertices of X\X + , establishing property (ii). Indeed, note first that for any 
z £ X\X + , i £ X m , since X + contains X u . Also, for any edge (z, j) £ B with z £ X and j e T(X + ), 
we have i £ X + by the construction of X + . So, for any z £ X\X + , its pair in B belongs to Y \T(X + ). 
Equivalently, B induces a perfect matching between X\X + and a subset of Y \r(X + ) (this is the 
matching A in line [7] of the algorithm). 

What is left to prove is that property (iii) also holds for X + . This can be done by the same 
arguments as in lH4ll . thus we have the following lemma. 

Lemma 4.6 ( Ifl4l . end of Subsection 3.1). Assume that inequality 0 holds for n, M, S, K, Vx, and 
let G be the graph defined in /zzze|5] For any Zcl, if there exists a perfect matching between X\Z 
and a subset of Y \T(Z), say Y*, and there are no edges between Z and Y* in G, then property (iii) 
holds as well. 

Clearly, there can be no edges between X + and Y \T(X + ). Hence, Lemma [4~6] can be applied to 
X + , completing the proof. □ 

Given Lemma|43| we can now prove the main result of this section, the correctness of APX-MMS. 
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Proof of Theorem 4.1 : It is clear that the running time of the algorithm is polynomial. Its 


correctness is based on the correctness of REC-MMS. The latter can be proven with strong induction 
on |1C|, the number of still active agents that REC-MMS receives as input. For \K\ = 1, assuming that 
inequality (jT]) holds, we have for agent 1 of K: 

vi(S) = V\ (M) - v\ (M\S) > nH\{n,M) - v\(M\S) 

> npfn,M) - {n-l)p n pfn,M) > > 


e\ijfn,M). 


For the inductive step, Lemma 4.5 and the choice of X + are crucial. Consider an execution of 
REC-MMS during which some agents will receive a subset of items and the rest will form the set X + 
to be handled recursively. For all the agents in X + -if any- we are guaranteed (| - c)-approximate 
shares by property (iii) of Lemma [43] and by the inductive hypothesis. On the other hand, for each 
agent i that receives a subset Sj of items in line [7j we have 

ViiSj) > (1 -e')p n £,i > (1 -e') 2 p n Pi{n,M) > ( 1-2 s'y-pfnM) = \ - e\ Pi{n,M), 

o \5 ) 

where the first inequality holds because {i,j) e E ( G). □ 

Finally, in Figure |T] we give a simple snapshot to illustrate a recursive call of REC-MMS. In 
particular, in Subfigure |l(a)[ we see a bipartite graph G that could be the current configuration 
for REC-MMS, along with a maximum matching. In Subfigure |l(b)[ we see the construction of 
G', as described in Lemma |4~5| and the set X + . The bold (black) edges in G' signify that both 
directions are present. The set X + consists then of X u and all other vertices of X reachable from X u . 


Finally, Subfigure 1(b) also shows the set of agents that are satisfied in the current call along with 
the corresponding perfect matching, as claimed in Lemma [43] 



(a) The graph G defined in 
line [5] of Algorithm [4] shown 
with a maximum matching (blue 
edges). Agent 1 is the top vertex 
of X. 


(b) The graph G' defined in the proof of Lemma 4.5 where 
for clarity, agent 1 and her edges are grayed out. The black 
edges signify that both directions are present, i.e., they cor¬ 
respond to pairs of anti-parallel edges. On the right we show 
the actual allocation resulting from G. 


Figure 1: Lustration of G, G' and X'. 
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Improving the approximation ratio of 2/3 further seems to require drastically new ideas and 
it is an interesting open problem. Related to this, in Appendix [A] we consider two special cases 
on which we can have better results. The first is the case of n - 3 agents, where we obtain a 7/8- 
approximation, improving on the 3/4-approximation of llT4ll . The second is the case where all values 
for the goods belong to {0,1,2}. This is an extension of the {0,1} setting discussed in ©] and we show 
how to get an exact allocation without any approximation loss. 


5 A Probabilistic Analysis 

As argued in the previous works ©[14], it has been quite challenging to prove impossibility results. 
Setting efficient computation aside, what is the best p for which a p-approximate allocation does 
exist? All we know so far is that p f 1 by the elaborate constructions in Ifl0lfl4l . However, extensive 
experimentation in ©I (and also [HU), showed that in all generated instances, there always existed 
a maximin share allocation. Motivated by these experimental observations and by the lack of im¬ 
possibility results, we present a probabilistic analysis, showing that indeed we expect that in most 
cases there exist allocations where every agent receives her maximin share. In particular, we ana¬ 
lyze the Greedy Round-Robin algorithm from Section [3] when each Vij is drawn from the uniform 
distribution over [0,1], 

Recently, in IflOll . similar results are shown for a large set of distibutions over [0,1], including 
U[0, 1]. Although, asymptotically, their results yield a theorem that is more general than ours, 
we consider our analysis to be of independent interest, since we have much better bounds on the 
probabilities for the special case of U[0, 1], even for relatively small values of n. We start with the 
following: 


Theorem 5.1. Let N = [n] be a set of agents and M = [m] be a set of goods, and assume that the VijS 
are i.i.d. random variables that follow U[0, 1], Then, for m > 2n and large enough n, the Greedy 
Round-Robin algorithm allocates to each agent i a set of goods of total value at least yy 'L'jL\ Vij 
with probability 1 - o(l). The o(l) term is 0(Hn) when m > 2 n and 0{\ogn/n ) when m = 2 n. 

The proof is in Appendix [B] and is based on tools like Hoeffding’s and Chebyshev’s inequalities, 
and on a very careful estimation of the probabilities when m < 2.5 n. Note that for m > 2 n, the 
theorem provides an even stronger guarantee than the maximin share (by Claim |3T| ). 

We now state a similar result for any m. We use a modification of Greedy Round-Robin. While 
m < 2n, the algorithm picks any agent uniformly at random and gives her only her “best” item 
(phase 1). When the number of available items becomes two times the number of active agents, the 
algorithm proceeds as usual (phase 2). 


Theorem 5.2. Let N = [n], M = [m], and the Vijs be as in Theorem 5.1 Then, for any m and large 
enough n, the Modified Greedy Round-Robin algorithm allocates to each agent i a set of items of 
total value at least with probability 1 - o(l). The o(l) term is 0(1 In) when m > 2 n and 

0{\ogn!n ) when m < 2 n. 


Proof If m > 2n then this is a corollary of Theorem |5.1[ When m<2n, then for any agent i we have 
maXj{Vij} > pf n, M). So the first agent that receives only her most valuable item has total value 
at least pfin,M). If N a ,M a are the sets of remaining agents and items respectively, after several 
agents were assigned one item in phase 1 of the algorithm, then by Lemma |3A| for any agent i e N a . 
we have pfi\N a \,M a ) > pfn,M). If \M a \ < 2\N a \ it is also true that max 7 - eMfl Vij > Hfi\N a \,M a ), 
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so correctness of phase 1 follows by induction. If \M a \ = 2|lV fl |, then by Theorem |5.1| phase 2 
guarantees that with high probability each agent i e N a will receive a set of items with total value at 
least j^-y Vi(M a ) > fifi\N a \,M a ) > j u.fn,M). □ 

Remark 1. The implicit constants in the probability bounds of Theorems |5 .1 1 and |5 . 2| depend heavily 
on n and m (as well as on the point one uses to separate Y, and ^ Y.’JLi v ij in the proof of Theorem 
EH see Appendix [B]). Our analysis gives good bounds for the case 2 n< m < 2.5 n without requiring 
very large values for n (especially when K{n) in the proof of Theorem |5.1| is not small). For example, 
if m = 2.4 n an appropriate adjustment of our bounds gives a o(l) term less than 1/1.2 n for n > 
41. When we switch from the detailed analysis of the 2 n < m < 2.5 n case to the sloppier general 
treatment for m > 2.5 n, there is definitely some loss, e.g., for m - An we get that the o(l) term is 
less than 25 /n for n > 50. This is corrected relatively quickly as m grows, e.g., for m = 10 n the o(l) 
term can be made less than 3 /n for n > 8. 


Thcorems |5 .1 1 and |5.2| may leave the impression that n has to be large. Actually, there is no reason 
why we cannot consider n fixed and let m grow. Following very closely the proof of Theorem |5.1| 
for m > An, we get the next corollary. 


Corollary 5.3. Let N = [n\, M = [m], and the vijs be as in Theorem 5.1 Then, for fixed n and large 
enough m, the Greedy Round-Robin algorithm allocates to each agent i a set of goods of total value 
at least ^ £'/-i v ii Wlt ^ probability 1 - 0(log 2 mlm 2 ). 

11 J 1 J 


6 Conclusions 

The most interesting open question is undoubtedly whether one can improve on the 2/3-approxima¬ 
tion. Going beyond 2/3 seems to require a drastically different approach. One idea that may deserve 
further exploration is to pick in each step of Algorithm [4| the best out of all possible matchings 
(and not just an arbitrary matching as is done in line [4] of the algorithm). This is essentially what 
we exploit for the special case of n = 3 agents. However, for a larger number of players, this 
seems to result in a heavy case analysis without any visible benefits. In terms of non-combinatorial 
techniques, we are not currently aware of any promising LP-based approach to the problem. 

Even establishing better ratios for special cases could still provide new insights into the problem. 
It would be interesting, for example, to see if we can have an improved ratio for the special case 
studied in (23 for the Santa Claus problem. Obtaining negative results seems to be an even more 
challenging task, given our probabilistic analysis and the results of related works. The negative 
results in [ 10, 14] require very elaborate constructions, which still do not yield an inapproximability 
factor far away from 1. Apart from improving the approximation quality, exploring practical aspects 
of our algorithms is another direction, see e.g., ffl6l . Finally, we have not addressed here the issues 
of truthfulness and mechanism design, a stimulating topic for future work. Given the impossibility 
results in ifTTl for a related problem, we expect similar negative results here as well, in the context of 
mechanism design without money. When payments are allowed however, more interesting questions 
may arise. 
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A Two Special Cases 

In this section, we consider two special cases on which we can have better results. The first is the case 
of n = 3 agents, where we obtain a 7/8-approximation, improving on the 3/4-approximation of Ifl4l . 
The second is the case where all values for the goods belong to {0,1,2}. This is an extension of the 
{0,1} setting discussed in 0 and we show how to get an exact allocation without any approximation 
loss. 


A.l The Case of n = 3 Agents 

Here we focus on the intriguing case of 3 agents. When n = 2, it is pointed out in 0 that maximin 
share allocations exist via an analog of the cut and choose protocol. Using the PTAS of [fl8l . we 
can then have a (1 - ^-approximation in polynomial time. In contrast, as soon as we move to n = 3, 
things become more interesting. It is proved in [fl4Tl that with 3 agents there exist instances where no 
maximin share allocation exists. The best known approximation guarantee is |, by observing that 
the quantity p n , defined in Section |4| satisfies p 3 > |. 

We provide a different algorithm, improving the approximation to | - e. To do this, we combine 
ideas from both algorithms presented so far in Sections [3] and [4j The main result of this subsection 
is as follows: 


Theorem A.l. Let N = {1,2,3} be a set of three agents with additive valuations, and let M be a set 
of goods. For any constant e > 0, A Igorithm ^produces in polynomial time an allocation (Si, S 2 , S 3 ), 
such that 


G'(Sj) 


^-eW 3,M), Vie IV. 
8 ) 


The algorithm is shown below. Before we prove Theorem A.l, we provide here a brief outline 
of how the algorithm works. 


Algorithm Outline: First, approximate values for the p l : s are calculated as before. Then, if there 
are items with large value to some agent, in analogy to Algorithm [2| we first allocate one of those, 
reducing this way the problem to the simple case of n = 2. If there are no items of large value, then 
the first agent partitions the items as in Algorithm [3j In the case where this partition does not satisfy 
all three agents, then the second agent repartitions two of the bundles of the first agent. Actually, 
she tries two different such repartitions, and we show that at least one of them works out. The 
definition of a bipartite preference graph and a corresponding matching (as in Algorithm [3]) is never 
mentioned explicitly here. However, the main idea (and the difference with Algorithm [3]) is that if 
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there are several ways to pick a perfect matching between X\X + and a subset of Y \T(X + ), then we 
try them all and choose the best one. Of course, since n = 3, if there is no perfect matching in the 
preference graph, then X\X + is going to be just a single vertex, and we only have to examine two 
possible perfect matchings between X\X + and a subset of Y \f(X + ). 


Algorithm 5: APX-3-MMS(e,M, Vi, v 2 , vf] 


Compute a (1 - e)-approximation 0 of ^t ; (3,M) for i e {1,2,3}. 
if 3z e {1,2,3}, j e M such that vtj > then 


else 


1 £' = §£ 


2 

3 

4 

5 

6 

7 

8 
9 

10 

11 


12 


Give item j to agent i and divide M\{j} among the other two agents in a “cut-and-choose" fashion. 

Agent 1 computes an (1 - e) -approximate maximin partition of M into three sets, say [A\, A 2 , A 3 ), 
if 3 J 2 , J 3 e {1,2,3} such that j 2 A j 3 , v 2 (A/ 2 ) > and y 3 (A/ 3 ) > then 


Give set Aj 2 to agent 2, set Au to agent 3, and the last set to agent 1. 


else 


There are two sets that have value less than yf 2 w.r.t. agent 2, say for simplicity A 2 and A 3 . 
Agent 2 computes (1 - e ')-approximate 2-maximin partitions of Ai u A 2 and A\ u A 3 , say 
C B\,B 2 ) and (B ' } , B' 2 ) respectively, and discards the partition with the smallest maximin value, 
say (B' v B' 2 ). 

Agent 3 takes the set she prefers from {Bi,B 2 ); agent 2 takes the other, and agent 1 takes A 3 . 


Proof of Theorem A.l : First, note that for constant e the algorithm runs in time polynomial in 


|M|. Next, we prove the correctness of the algorithm. 

If the output is computed in lines [3]j4] then, for agent i, as defined in line [3] the value she receives 
is at least |<C- > |(1 - e)ju ; (3,M) > (^ - £)n i {3, M). The remaining two agents i\ , i 2 essentially 
apply an approximate version of a cut and choose protocol. By the monotonicity lemma (Lemma 


3.4), we know that p t {2,M\{j}) > /u, (3,M), and thus no matter which set is left for agent i \, 


she is guaranteed a total value of at least (1 - £)n i f3, M) > (| - e]ii i f 3,M). Similarly, we have 
li j2 (2,M\{ /}) > Hj (3,M), and therefore Vi 2 {M\{j}) >2ju, 2 (3,M). Since i 2 chooses before i\, she is 
guaranteed total value that is at least n i2 (3, M) > (| - e)j u ,- 2 (3, M). 

If the output is computed in steps [6j{5} then, clearly all agents receive a (7/8 - ^-approximation, 
since for agent 1, it does not matter which of the A,-s she gets. 

The most interesting and challenging case is when the output is computed in steps p~0|p~2] (starti ng 
with the partition from step [ 6 ]). Then, as before, agent 1 receives value that is more than (7/8 — 
e), no matter which of the three sets she gets. For agents 2 and 3, however, the analysis is not 
straightforward. We need the following lemma. 

Lemma A.2. Let N,M,e be as above, such that for cdl j e M we have v 2 j < Consider any 
partition of M into 3 sets A\,A 2 ,A 3 and assume that there are no j 2 , 73 e {1,2,3} such that j 2 f 73 , 
v 2 (Aj 2 ) > \f 2 and vfAj,) > Then steps 10 12 of Algorithm^produce an allocation (S 2 ,Sf for 


10 

agents 2 and 3, such that for i e {2,3}/ Vi(S0 > 
then S 2 U S 3 = U/eiV\jfc A(. 


c) Pi (3, M). Moreover, if agent 1 is given set A/ 0 


Clearly, Lemma |AT2] completes the proof. □ 

Before stating the proof of Lemma A.2[ we should mention how it is possible to go beyond the 


previously known |-approximation. As previously noted, p n is the best guarantee we can get, based 
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only on the fact that the complement of the set left to be shared is not too large. Here, at some point, 
we have to argue about how a maximin partition would redistribute the items in the aforementioned 
complement. That is, the | ratio is guaranteed not just by the excess value, but by using the way that 
an optimal partition would divide specific subsets of items. 


Proof of Lemma pO| : First, recall that V 2 ( M) > 3/i 2 (3, M) > 3^2- Like in the description of the 
algorithm, we may assume that agent 1 gets set A 3 , without loss of generality. Before we move to 
the analysis, we should lay down some facts. Let {Bi,B 2 ) be agent 2’s (1 -e')-approximate maximin 
partition of A\UA 2 computed in step[TTj similarly (B[, B'.f is agent 2’s (1 -e')-approximate maximin 
partition of A\ u A 3 . We may assume that v 2 (B\) > v 2 (B 2 ). Also, without loss of generality, in 
line 11 of the algorithm we assumed that minji^CBj), u 2 {B' 2 )\ < u 2 (B 2 ). Our goal is to show that 
v 2 {B 2 ) > (| - e) h 2 (3,M). For simplicity, we write j u 2 instead of [i 2 (3, M). 

Note, however, that 


v 2 {B 2 ) < 
(1 - e')h 2 {2, A\ u A 2 ) < 

(l-£')li 2 {2,AiUA 2 ) < 


[7 

- £ 

u 

(7 

- £ 

U 

<7 7 


P2 


P 2 


8 8 


£ |F 2 


H 2 (2,Ai u Af] < ~H 2 . 

o 


Moreover, this means mm{v 2 (B[), v 2 [B 2 )} < (| - e) j u 2 as well, which leads to n 2 {2,A\ u A 3 ) < 
\n 2 . So, it suffices to show that either n 2 {2,A\ uA 2 ) or ju 2 (2, AiU A 3 ) is at least This statement 
is independent of the Bi s, and in what follows, we consider exact maximin partitions with respect 
to agent 2. Before we proceed, we should make clear that for the case we are analyzing, there are 
indeed exactly two sets in {Ai,A 2 ,A 3 }, each with value less than u 2 with respect to agent 2, as 
claimed in line [TO] of the algorithm. First of all, in any partition of M, there is at least one set with 
value at least ju 2 with respect to agent 2, due to the fact that v 2 (M) > 3/i 2 and by the definition of a 
maximin partition. If, there were at least 2 sets in {Ai,A 2 ,A 3 } with value at least |^ 2 . then we would 
be at the case handled in steps [6]{8j Hence, there will be exactly two sets, each with value less than 
|c 2 ^ lp 2 for agent 2, and as stated in the algorithm we assume these are the sets A 2 , A 3 . 

Consider a 3-maximin share allocation [A\, A' 2 , Af of M with respect to agent 2. Let F, = A. n A 3 
for i = 1,2,3. Without loss of generality, we may assume that v 2 {F\) < v 2 (F 2 ) < v 2 (F 3 ). 

If v 2 {Fi) < | n 2 , then the partition [A[ \ A 3 , {A' 2 u A'.f \ A 3 ) is a partition of A] u A 2 such that 


, , 17 

v^A^A-f) = v 2 {A 1 ) - v 2 [F x ) > n 2 - ~n 2 = ~[i 2 

o o 

and 

7 9 

V2i{A 2 u A3)\A 3 ) > ^2(712) + v 2 (A3) - v 2 {A 3 ) = 2 h 2 - ~F - 2 = -p 2 - 

o o 

So, in this case we conclude that /u 2 (2, Ai u A 2 ) >\p- 2 - 

On the other hand, if v 2 {Fi) > f/u 2 we are going to show that /x 2 (2, Ai u A 3 ) > |^ 2 . Towards this 
we consider a 2-maximin share allocation (Ci,C 2 ) of A] with respect to agent 2 and let us assume 
that y 2 (Ci) > v 2 (C 2 ). 


Claim A.3. For C\,C 2 , A 3 ,F\,F 2 ,F 3 as above, we have 
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(i) v 2 {A 3 ) + v 2 (C 2 ) > lfJ- 2 , and 

(ii) v 2 {F\) + v 2 (F 2 ) + v 2 (Ci) > \i 2 . 
Proof Note that 


v 2 (Ci) + v 2 (C 2 ) + v 2 (A 3 ) - v 2 (M) - v 2 (A 2 ) > 3/r 2 


7 17 

-U ? = — U 2 . 

8 8 2 


If 1 / 2 ( 713 ) + v 2 {C 2 ) < ln 2 then v 2 (C t ) > ^ju 2 . Moreover, 


3 


v 2 (A 3 ) = z/ 2 CFi) + v 2 {F 2 ) + v 2 (F 3 ) >3 v 2 {Fi) > ~[i 2 , 

O 


and i/ 2 (A 3 ) + v 2 (C 2 ) <\n 2 implies that v 2 (C 2 ) < §/u 2 . 

Let d denote the difference v 2 (C\)-v 2 (C 2 )\ clearly <7 > It is not hard to see that min 7 - eCl v 2] - > 
d. Indeed, suppose there existed some j e C\ such that v 2 j < d. Then, by moving j from C\ to C 2 
we increase the minimum value of the partition, which contradicts the choice of C\, C 2 . 

Now, for any item g e C\, the partition ({g\,A] \{g}) is strictly better than (Ci,C 2 ), since v 2g > 
|/r 2 > v 2 {C 2 ) and f/ 2 (Ai\{g}) = v 2 (Ai) - v 2g > ^/u 2 - \p 2 = ^§F 2 - Again, this contradicts the choice 
of Ci,C 2 . Hence, it must be that u 2 (A 3 ) + v 2 (C 2 ) > ^/i 2 . 

The proof of (ii) is simpler. Notice that 


v 2 (F\) + v 2 (F 2 ) + v 2 (C\) > v 2 (F\) 




Now, if v 2 (C 1 ) > ^n 2 then (i) of Claim A.3 
larly, if v 2 (F 3 ) + v 2 (C 2 ) > ^n 2 then (ii) of Claim 

b*2- 


In both cases, we have h 2 (2,Ai u A 3 ) > ^ n 2 


imp lies that min{i/ 2 (Ci), v 2 (A 3 u C 2 )} > |/i 2 . Simi- 
implies that min{i/ 2 (Fi uF 2 uCi), v 2 (F 3 uC 2 )} > 
. So, it is left to examine the case where both 


A.3 


v 2 (C\ ) and v 2 (F 3 ) + v 2 (C 2 ) are less than ln 2 . 


Claim A.4. Let C\,C 2 ,A 3 ,Fi, F 2 ,F 3 be as above and max{v 2 (Ci), u 2 (F 3 uC 2 )} < |/r 2 . Then min{ v 2 (F± u 
Ci), v 2 (F 2 u F 3 u C 2 )} > |ju 2 . 


Proof Recall that v 2 (A 3 ) + v 2 (A 3 ) > ^p 2 - Suppose v 2 (FiuCi) < |/r 2 . Then v 2 (F 2 uF 3 uC 2 ) > ^/u 2 . 
Since v 2 (F 3 u C 2 ) < |/i 2 we have v 2 (F 2 ) > |ju 2 . But then we get the contradiction 


7 13 3 7 

-ju 2 > v 2 (A 3 ) = v 2 (F\) + v 2 (F 2 ) + v 2 (F 3 ) > -ju 2 + -n 2 + -/r 2 = -n 2 . 

Hence, v 2 (F\\jC\) > |/u 2 . Similarly, suppose v 2 (F 2 uF 3 uC 2 ) < |ju 2 . Then v 2 (F\VjC \) > ^§p 2 - Since 
1/2 (Ci) < \ii 2 we have v 2 (F\ ) > | /i 2 . Then we get the contradiction 


7 


3 3 3 9 


~H 2 > v 2 (A 3 ) = v 2 (F 1 ) + v 2 (F 2 ) + v 2 (F 3 ) > ~n 2 + - 1 \i 2 + -\i 2 = -j u 2 . 

o 0000 


Hence, v 2 (F 2 u F 3 u C 2 ) > \ji 2 . 

Claim [A~4] implies ji 2 {2,A\ u A 3 ) > \p 2 , and this concludes the proof. 


□ 

□ 
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A.2 Values in {0,1,2} 

In 0, the authors consider a binary setting, where all valuation functions take values in {0,1}, i.e., 
for each i e N. and j e M, Uij e {0,1}. This can correspond to expressing approval or disapproval for 
each item. It is then shown that it is always possible to find a maximin share allocation in polynomial 
time. In fact, they show that the Greedy Round-Robin algorithm, presented in Section [3] computes 
such an allocation in this case. 

Here, we extend this result to the setting where each iy-y is in {0,1,2}, allowing the agents to 
express two types of approval for the items. Enlarging the set of possible values from {0,1} to 
{0,1,2}, by this one extra possible value, makes the problem significantly more complex. Greedy 
Round-Robin cannot work in this case and a different algorithm is developed. 

Theorem A.5. Let N = [n\ be a set of agents and M = [m\ be a set of items. If for any i e N, 
agent i has a valuation function iy- such that Vij e {0,1,2 } for any j e M, then we can find, in time 
O(nmlogm), an allocation (7^,..., T n ) ofM so that vfiTi) > pfn,M) for every i. 

To design our algorithm, we make use of an important observation by [[51 that allows us to reduce 
appropriately the space of valuation functions that we are interested in. We say that the agents have 
fully correlated valuation functions if they agree on a common ranking of the items in decreasing 
order of values. That is, Vi e IV, if M = {1,2,..., m}, we have vn > viz > ... > Vi m . In [j5j, the authors 
show that to find a maximin share allocation for any set of valuation functions, it suffices to do so in 
an instance where the valuation functions are fully correlated. This family of instances seems to be 
the difficulty in computing such allocations. Actually, their result preserves approximation ratios as 
well (with the same proof); hence we state this stronger version. For a valuation function Vi let Gy¬ 
be a permutation on the items such that iy (ay (j)) > ly (ay (j +1)) for je{l,...,m- 1}. We denote the 
function zy(oy(-)) by v\. Note that v \, v ] n are now fully correlated. 

Theorem A.6 (0). Let N = [n] be a set of players with additive valuation functions, M = [m] be 
a set of goods and p e (0,1]. Given an allocation (7),..., T n ) of M so that v\{Ti ) > ppfn,M) for 
every i, one can produce in linear time an allocation T' n ) of M so that ty (Tp > ppfn, M) 

for every i. 

Algorithm Outline: We first construct v\, v ] 2 ,... t v ] n and work with them instead. The Greedy 
Round-Robin algorithm may not directly work, but we partition the items in a similar fashion, al¬ 
though without giving them to the agents. Then, we show that it is possible to choose some subsets 
of items and redistribute them in a way that guarantees that everyone can get a bundle of items with 
enough value. At a higher level, we could say that the algorithm simulates a variant of the Greedy 
Round-Robin, where for an appropriately selected set of rounds the agents choose in the reverse 
order. Finally, a maximin share allocation can be obtained for the original lys, as described in 0. 

In what follows, we prove Theorem |A.5| through a series of lemmas. At the end, we explicitly 
state the algorithm (Algorithm [6]). 

Proof of Theorem \A.5\ : According to Theorem |A.6| it suffices to focus on instances where the val¬ 
uation functions take values in {0,1,2} and are fully correlated. Given such an instance we distribute 
the m objects into n buckets in decreasing order, i.e., bucket i will get items i, n + i,2n + i,.. .. No¬ 
tice that this is compatible with how the Greedy Round-Robin algorithm could distribute the items, 
however we do not assign any buckets to any players yet. We may assume that m = kn for some 
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k e l\l; if not, we just add a few extra items with 0 value to everyone. It is convenient to picture the 
collection of buckets as the matrix 


f (k-l)n + l (k-l)n + 2 


B = 


kn\ 


n + 2 ••• 2 n 

2 ••• n j 

since our algorithm will systematically redistribute groups of items corresponding to rows of B. 

Before we state the algorithm, we establish some properties regarding these buckets and the way 
each player views the values of these bundles. First, we introduce some terminology. 


I n +1 

l 1 


Definition A.7. We say that player i is 

• satisfied with respect to the current buckets, if all the buckets have value at least pfn, M) 
according to V{. 

• left-satisfied with respect to the current buckets, if she is not satisfied, but at least the nl 2 
leftmost buckets have value at least pfn, M ) according to ip. 

• right-satisfied if the same as above hold, but for the rightmost nl 2 buckets. 


Now suppose that we see agent V s view of the values in the buckets. A typical view would be 
something like the following form (recall the goods are ranked from highest to lowest value): 


to 

0 

0 

0 

0 

0 ••• 

0 

0 

0\ 

1 

1 

1 

1 

1 

0 ••• 

0 

0 

0 

1 

1 

1 

1 

1 

1 ••• 

1 

1 

1 

2 

2 

2 

1 

1 

1 ••• 

1 

1 

1 

,2 

2 

2 

2 

2 

2 ••• 

2 

2 

2; 


A row that has only 2s for i will be called a 2 -row for i. A row that has both 2s and Is will be called 
a 2 / 1 -row for i, and so forth. An agent can also have a 2 / 1 /o-row. It is not necessary, of course, that 
an agent will have all possible types of rows in her view. Note, however, that there can be at most 
one l/o-row and at most one 2 / 1 -row in her view. We first prove the following lemma for agents that 
are not initially satisfied. 

Lemma A.8. Any player not satisfied with respect to the initial buckets must have both a 
1/0 -row and a 211 -row in her view of B. Moreover, initially all players are either satisfied 
or left-satisfied. 

Proof. Let us focus on the multi-set of values of a player that is not satisfied, say i. It is 
straightforward to see that if i has no Is, or the number of 2s is a multiple of n (including 
0), then player i gets value p i {n,M) by any of the buckets. So, i must have a row with 
both 2s and Is. If this is a 2 / 1 /o-row, then again it is easy to see that the initial allocation 
is a maximin share allocation for i. So, i has a 2 / 1 -row. The only case where she does not 
have a 1 / 0 -row is if the total number of Is and 2s is a multiple of /'/.But then the maximum 
and the minimum value of the initial buckets differ by 1, hence we have a maximin share 
allocation and i is satisfied. 
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Now, we are going to show that a player z that is not initially satisfied is left-satisfied. 

In what follows we only refer to z’s view. Buckets B\ and B n , indexed by the correspond¬ 
ing columns of B, have maximum and minimum total value respectively. Since i is not 
satisfied, we have vfiBi ) > Vj{B n ) +2, but the way we distributed the items guarantees 
that the difference between any two buckets is at most the largest value of an item; so 
Vi(Bi) = Vi(B n ) + 2. Moreover, since vfiM) > npfn,M) and Vi{B n ) < pfn,M), we must 
have ViiBi) > j ufn,M) . This implies that vfiBi) = pfn,M) + l and vfiB n ) = pfn,M)-l. 

More generally, we have buckets of value pfn,M) + 1 (leftmost columns), we have 
buckets of value pfn,M)-l (rightmost columns), and maybe some other buckets of value 
pfn,M) (columns in the middle). We know that the total value of all the items is at least 
up fin, M), so, by summing up the values of the buckets, we conclude that there must be 
at most n/2 buckets of value pfin,M) - 1. Therefore z is left-satisfied. □ 

So far, we may have some players that could take any bucket, and some players that would take 
any of the nl 2 (at least) first buckets. Clearly, if the left-satisfied players are at most ft/2 then we can 
easily find a maximin share allocation. However, there is no guarantee that there are not too many 
left-satisfied players initially, so we try to fix this by reversing some of the rows of B. To make this 
precise, we say that we reverse the ith row of B when we take items (z - l)ft + 1, (z - l)ft + 2,..., in 
and we put item in in bucket 1, item in - 1 in bucket 2, etc. 

The algorithm picks a subset of rows of B and reverses them. The rows are chosen appropriately 
so that the resulting buckets (i.e., the columns of B) can be easily paired with the players to get a 
maximin share allocation. In what follows, we give a series of lemmas motivating the idea behind 
the algorithm and proving its correctness. The detailed description of the algorithm in the end of the 
section summarizes all the steps. First, it is crucial to understand the effect that the reversal of a set 
of rows has to a player. 

Lemma A.9. Any player satisfied with respect to the initial buckets remains satisfied inde¬ 
pendently of the rows ofB that we may reverse. On the other hand, any player not satisfied 
with respect to the initial buckets, say player i, is affected if we reverse her no-row or her 
211 -row. If we reverse only one of those, then i becomes satisfied with respect to the new 
buckets; if we reverse both, then i becomes right-satisfied. The reversal of any other rows 
is irrelevant to player i. 


Proof. Fix a player z. First notice that, due to symmetry, reversing any row that for i is a 
2 -row, a l-row, or a o-row does not improve or worsen the initial allocation from z’s point 
of view. Also, clearly, reversing both the l/o-row and the 2 / 1 -row of a left-satisfied player 
makes her right-satisfied. Similarly, if z is satisfied and has a 2 / 1 /o-row, or has a 2 / 1 -row 
but no 1 / 0 -row, or has a 1 / 0 -row but no 2 / 1 -row, then reversing those keeps z satisfied. 

The interesting case is when z has both a 1 / 0 -row and a 2 / 1 -row. If z is satisfied, then 
even removing her 1 /o-row leaves all the buckets with at least as much value as the last 
bucket; so reversing it keeps z satisfied. Due to symmetry, this holds for z’s 2 / 1 -row as well. 
If z is not satisfied, then the difference of the values of the first and the last bucket will be 
2. Like in the proof of Lemma [A. 8[ the number of columns that have 1 in z’s 1 / 0 -row and 
2 in z’s 2 / 1 -row (i.e., total value pfin, M) +1) are at least as many as the columns that have 
0 in z’s 1 / 0 -row and 1 in z’s 2 / 1 -row (i.e., total value pfin,M) - 1). So, by reversing her 
1 / 0 -row, the values of all the “worst” (rightmost) buckets increase by 1, the values of some 
of the “best” (leftmost) buckets decrease by 1, and the values of the buckets in the middle 
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either remain the same or increase by 1. The difference between the best and the worst 
buckets now is 1 (at most), so this is a maximin share allocation for i and she becomes 
satisfied. Due to symmetry, the same holds for reversing z’s 2 / 1 -row as well. □ 


Now, what Lemma |W9| guarantees is that when we reverse some of the rows of the initial B, we 
are left with players that are either satisfied, left-satisfied or right-satisfied. If the rows are chosen 
so that there are at most n/2 left-satisfied and at most n /2 right-satisfied players, then there is an 
obvious maximin share allocation: to any left-satisfied player we arbitrarily give one of the first n/2 
buckets, to any right-satisfied player we arbitrarily give one of the last n/2 buckets, and to each of 
the rest of the players we arbitrarily give one of the rest of the buckets. In Lemma A. 10 below, we 
prove that it is easy to find which rows to reverse to achieve that. 

We use a graph theoretic formulation of the problem for clarity. With respect to the initial 
buckets, we define a graph G = {V,E) with V = [k], i.e., G has a vertex for each row of B. Also, for 
each left-satisfied player i, G has an edge connecting f s 1 / 0 -row and 2 / 1 -row. We delete, if necessary, 
any multiple edges to get a simple graph with n edges at most. We want to color the vertices of G 
with two colors, “red” (for reversed rows) and “blue” (for non reversed), so that the number of 
edges having both endpoints red is at most n/2 and at the same time the number of edges having 
both endpoints blue is at most n/2. Note that if we reverse the rows that correspond to red vertices, 
then the players with red endpoints become right-satisfied, the players with blue endpoints remain 
left-satisfied and the players with both colors become satisfied. Moreover, the initially satisfied 
players are not affected, and we can find a maximin share allocation as previously discussed. 


Lemma A.10. Given graph G defined above, in time 0{k + n), we can color the vertices 
with two colors, red and blue, so that the number of edges with two red endpoints is less 
than n/2 and the number of edges with two blue endpoints is at most n/2. 


Proof We start with all the vertices colored blue, and we arbitrarily recolor vertices red, 
one at a time, until the number of edges with two blue endpoints becomes at most \E\/2 for 
the first time. Assume this happens after recoloring vertex u. Before turning u from blue 
to red, the number of edges with at most one blue endpoint was strictly less than \E\/2. 

Also, the recoloring of u did not force any of the edges with two blue endpoints to become 
edges with two red endpoints. So, the number of edges with two red endpoints after the 
recoloring of u is at most equal to the number of edges with at most one blue endpoint 
before the recoloring of u, i.e., less than |£|/2. To complete the proof, notice that \E\ < n. 

For the running time, notice that each vertex changes color at most once, and when this 
happens we only need to examine the adjacent vertices in order to update the counters on 
each type of edges (only red, only blue, or both). □ 

Lemma [A. 10| completes the proof of correctness for Algorithm [6] that is summarized below. For 

the running time notice that v[ . v\ z can be computed in O(zimlogm), since we get v\ by sorting 

vn,..., vi m . Also step[5]can be computed in O(zzm); for each player i we scan the first column of B 
to find her (possible) 1 / 0 -row and 2 / 1 -row, and then in 0{n) we check whether she is left-satisfied by 
checking that the positions that have 1 in z’s 1 / 0 -row and 2 in z’s 2 / 1 -row are at least as many as the 
positions that have 0 in z’s 1 / 0 -row and 1 in z’s 2 / 1 -row. □ 


21 







Algorithm 6: exact-mmSo,i, 2 (w, v n ) 


1 Let k = Add kn - rn dummy items with value 0 for everyone. 

2 if v \,..., v n are not fully correlated then 

3 Compute v\,...,v ] n and use them instead. 


4 

5 

6 

7 

8 

9 


10 

11 

12 

13 


Construct a kx n matrix B so that Bij is the ( i - 1 )n + j th item. 

Find the set of left-satisfied players and their corresponding l/o-rows and 2 / 1 -rows. 

Construct a graph G = (\lc\,E) with E = {{i,j}\3 left-satisfied player that i and j are her 
i/o-row and 2 / 1 -row}. 

Color the vertices of G with two colors, red and blue, so that the number of edges having both 
endpoints red, and the number of edges having both endpoints blue, each is < n/2. 

Reverse the rows of B that correspond to red vertices, and keep track of who is satisfied, left-satisfied, 
or right-satisfied. 

Arbitrarily give some of the first n/2 buckets (columns of B) to the left-satisfied players and some of 
the last n/2 buckets to the right-satisfied players. Arbitrarily give the rest of the buckets to the satisfied 
players. 

if v\ 


, v„ were used then 


Based on the allocation in step ^compute and return a maximin share allocation for the original 

v,-s as described in 151 . 

else 

j Return the allocation in step [ 9 J 


B Proof of Theorem [5J] from Section 0 

Proof of Theorem |5. / 1 : In what follows we assume that agent 1 chooses first, agent 2 choses 
second, and so forth. We consider several cases for the different ranges of m. We first assume that 
2 n< m < 2.5 n. 

It is illustrative to consider the case of m = 2n and examine the nth agent that chooses last. Like 
all the agents in this case, she receives exactly two items; let Y n be the total value of those items. 
From her perspective, she sees n + 1 values chosen uniformly from [0,1], picks the maximum of 
those, then u.a.r. n - 1 of the rest are removed, and she takes the last one as well. If we isolate 
this random experiment, it is as if we take Y n = max{Xi,...,X„+i} + Xy, where Y ~ U{ 1,2,..., n + 1}, 
Xi ~ E/[0,l],Vi and all the X,s are independent. We estimate now the probability P (Y n < a) for 
1 < a < 2. We will set a to a particular value in this interval later on. 


n+\ ra t \ 

Y[Y n <a)='y / P max X; < t A Y = i Al; < a- t\dt 

i=[j 0 \l<j<n+l ) 

= (n + l)f P| max X:<t/\Y =l/\Xi<a-t\dt 
Jo \l<j<n+l ) 

= P max Xj < t aXi< a- t\dt 
Jo \l<j<n+l ) 

ra 

= / P(Xi < t All < a-t aX 2 < t A... Al„ + 1 < t)dt 
Jo 

ra/2 

= P(Xi < t AX 2 < t A... Al„ + 1 < t)dt+ 

Jo 

+ P(Xi < a-t aX 2 < t a... Al„ + i < t)dt+ 

Jal 2 
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+ / P(Xi < a-t a! 2 < t A... Al „ + 1 < t)dt 


t n+1 dt+ / ( a-t)t n dt+\ ( a-t)dt. 


A similar analysis for the jth agent yields 


P(7/< a) = f p( max X; < t A max X; < a- t\dt 

Jo \l<j<2n-j+l l<j<n-j+l I 

ra/2 r 1 na 

= t 2n ~ j+1 dt+ {a-t) n - j+1 t n dt+ (a-t) n -i +1 dt. 
JO Jal 2 J 1 


f 2n-j +1 


In the more general case where m - 2n + x{n), k ( n) < 0.5 n, we have a similar calculation for the 
agents that receive only 2 items in the Greedy Round-Robin algorithm, as well as for the first 2 items 
of the first K{n) agents. Let 7/ be the total value agent i receives, and Wi be the value of her first 
2 items. Also, recall that Gy = Vi(M). We now relate the probability that we are interested 
in estimating, with the probabilities P(7 ; : < a ) that we already calculated. We will then proceed by 
setting a appropriately. 

We have 

( , , 1 ™ " Vi{M)\ 

P 3 i such that 7 ; - < — ^ iyy < £ P 7/ <- 

l n j =l ) i =t n ) 

• (G(M) l Vi(M) _ _ ,,, 1 


= 2^P 7/<min|- 


v —-> max{7/, a} 

n 


f J . |G(M) 
< 2_^ P 7/ < min 1- 


f ViUVl) | ^ 

{—■«\ +X 


ZJViiM) 


> max{7,-,a} 


<£p(7i<a) + £p 

i=l z'=l 


G(M) 


> a . 


To upper bound the first sum, we do not take into account the third item that the first K{n) agents 
receive. Note that the bounds for P(7 ; - < a) calculated above, here hold for K{n) + 1 < i < n. For 
1 < i < jc(n) the same bounds hold for P(V7,- < a). 


£ P(7; < a) < £ P {Wi < a) + £ P(7,- < a) 


i= 1 

n , pal2 


i=K{n)+l 


n . na /2 pi pa 

= £ t 2n+K[n] ~ i+1 dt + {a-t) n+Kin] - i+ 1 t n dt+ ( a-t ) n+1 

j = pi 0 Jtf /2 Jl 

= £ t n+K(nHJ dt+ (a-t) K(n)+J 't n dt+ (a-t) KM+J 'dtj 

1 Jo Jal2 Jl ' 


n+K(n)-i+\ 


_ ” (n/ 2 )” +,f(w)+ ^ +1 " r 1 

j? 1 n + K{n) + j + 1 Pi £/ 


{a-t) KM+ h n dt- 


n pa -1 


u K[n]+i du. 


We are going to bound each sum separately. We set a = 1 + i 
for large enough n, a £ (1,2). Consider the first sum: 

n r „/ 9 in+K(«)+/'+l r/ oih+)c(«)+ 2 n-1 

V ^^-V (a/2) 1 

rc + K(rc) + y + 1 n + x(n)+2 p 


2# + = ^ + Note that 
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< 


(a/ 2) 


n+K{ri)+2 


n + K{n) + 2 l-a/2 


= 0{1 In), 


where we got 0(1 In) because the bound is at most for n > 17 and for any value of ic(n). Next, 
we deal with the second sum: 

n rl 


n nl 

Z[ ( 

j-lJal 2 


[a-t) K{n)+j t n dt 


< 


r t n [zia- t ) KM+ j)dt< r 

Jal 2 \j=0 ) a / 

(fl/ 2 ) yW r 

1 — a / 2 Ja 




(a/2) KW 

l-a/2 


k{ii) 

l-(a/2) K(w) 


t n {al 2) KW -d£ 

a /2 1 — a + £ 


a +1 


= 0(1/a). 


Here, for n > 17 the bound is at most for any jc(n). 
Finally, for the third sum, we rewrite it as 


n ca-\ n r n _-\ \K(n)+j+l n+x[n) + l r n _ -i / 

v u K(n]+ idu=y -= y 1 J 

hi Jo h K(n) + j +1 


i=x{n)+2 


We are going to bound each term separately. Consider the case where x{n) > 2i/a. For n > 34, it 

v -\ " 

can be shown that 


/ /- ^ V A £ 

1 jc(h) , /2.5Inn ^ 5 e~ 

2 + V —71— J <11372 -^0, 


»+^ + i (a-ir ”(a-l) K(ra) 

> -<> -< a 

i=x(n)+2 1 hi 



5 

a 


On the other hand, when x{ri) < 2sjn, we have a - 1 < 1+v/ ^| ln ” . For n > 29 and j > 8 it can be 

shown that i ( 1+v ^| lnn )' / < Of course, for 3 < j < 7 it is true that j ( 1+v/ ^j ln » ) 7 = 0(l/n), and 

particularly for n > 18 the sum Zj =3 j ^ 1+v ^2 ln " ) 7 is bounded by fy. In general, it is to be expected 
to have relatively large hidden constants when m is then very close to 2 n. This changes quickly 
though; when x(n) > 15 the whole sum is less than 1/n. In any case, if x{n) > 0 


n+K[ri) + \ 

E 


i=K{n)+2 


ia-IV 

i 


< "h j a <Y l( 1+V2.5ln n V , 'h I ( 1 + V2.5lnn l 1 < 

~ h i ~h 1[ ^ ^ 

8 

< 0(1 In) + {n- 5) — = 0(1 In). 

n z 


If however x{n) = 0, we have 


^t, 1 (a-\y 

h .2 1 


^ l + \/2.51n/i 2 + ^ _ q | logra 


So far, we have H'-' =| P(Y*- < a) = 0(1 In) (or O(lognIn) if m-2n). In order to complete the 
proof for this case we use Hoeffding’s inequality to bound the probability that the average of the 
values for any agent is too large. 



ViiM) 

n 



< nP 


(Vi (M) 


V n 



= nP 


(vi (M) 


V m 
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MM) 1 ^ n 


ne~ 2 ^ 2 - 5lnn < ne“ 2ln " 


-2m JLj^inn 
m V rc 


Hence, 


P 3 1 such that Y) < 


vdM)\ \° H- ifm = 2n 


if 2 n<m< 2.5 n 


The remaining cases are for m > 2.5 n. We give the proof for m > An. The cases for 2.5 n < m < 
3.5 n and 3.5n < m < An differ in small details but they essentially follow the same analysis. We 
briefly discuss these cases at the end of the proof. 

Assume that kn < m < (k + \)n, k > 4. Each agent gets at least k items but for the analysis below 
we only consider k - 1 of them. We focus on the agent that choses last, i.e., agent n, who has the 
smallest expected value. Like before, Y n is the total value agent n receives, and W„ is the value of 
her first k -l items. Using the fact that the maximum of £ independent variables that follow IJ[0, 1 ] 
has expected value and variance less than 4 we get 

m-n + 1 m-2n +1 m- {k-l)n + l 

E [W„] = -+-+ ... +--- 

m-n + 2 m-2n + 2 m- (fc- l)n + 2 

(k-l)n+l [k-2)n + l n +1 

> —-1-:-h_H- 

(Ar-l)n + 2 {k-2)n + 2 n + 2 

1 1 1,1 

> k- 1 —----...— = 1c- 1 — H k _i, 

{k-l)n (k-2)n n n 

and, if A, is the value of the ith item of agent n 


k- 1fc-l 


fc-l k -1 


a 2 w = Var (W n ) = £ Z Co \{X it Xj) < Z E UVar(A;)Var(A ; ) < Z 


i =1 7=1 


i= 1 7=1 


m- in + 


T s ^ 

L 7=1 


(k - i) n 


= -tH; 


2 fc-l ’ 


where H k -1 is the (/c - l)-th harmonic number. Now we can bound the probability that any agent 
receives value less than 1 / n of her total value. 


PlU< 


Vi{M) 


<P Y n < 


v n m 


13 k\ 

<P Y n < - +P 

20 


v n {M) 13k 
->- 


Next, using Chebyshev’s inequality we have 


P Y n <— <P W n <— =P E[W„] - W n > E[W n ] - — 


1 13k 

< P |E [W n ] -W n \>k-l--H k _ x - — 

n 20 


<P |E [W n ]-W n \> 


7k 1 1 TT 

20 ~ 1- n H k-l 

T,»t -1 


-V Wn ^ 


n-H k -1 
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On the other hand, using Hoeffding’s inequality, 


(v n {M) 13 k\ 

N 

— P 

(v n (M) 

1 n 13 k 

s 

1 

, n 20 , 

— T 

, m 

2 m 20 

2, 


s r 


m 


< e 


-2m 


3k-l0 t 2 
20(fc+l) < g 


20(Jfc+l) 2; 

3fc-10 t 2 
20(fc+l) j 


-2kni^ 


Finally, we take a union bound to get 
vdM) 


3i s.t. Yi < 


n 


n ' vdM ) 

Y t < 


i=] 


n 


< n 


H U 


( 7k—20 \ „ TT V 

20 ^ Hfc-i 


+ e 


-2 kn 


' 3fc-10 ) 2 
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= 0(11 ri ). 


The exact same proof works when 2.5 n < m < 3.5 n, if we consider two items in W n and use 
(like we would normally do for m > 3 n). Notice, however, that instead of 2 otfc+i) * n Hoeffding’s 
inequality, we have 2 o 3 ( 3 3 -h) 5 5 ) an ^ °f course we should adjust E [W n ] and Var(W„) accordingly. When 
3.5/; < m < 4n on the other hand, we need to consider three items in W n instead of two, since two 
items are not enough anymore to guarantee separation of Yi and ^ Vij with high probability. 

That said, the proof is the same, but we should adjust E[W„] and Var(W„), and instead of ^ = || 
we may choose 2.5. □ 
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